Abstract. A tree-partition of a graph is a proper partition of its vertices into 'bags', such that identifying the vertices in each bag produces a forest. An anonymous referee of the paper by Ding and Oporowski [J. Graph Theory, 1995] proved that every graph with tree-width k ≥ 3 and maximum degree ∆ ≥ 1 has a tree-partition in which every bag contains at most 24k∆ vertices. We tweak their analysis to prove a bound of 2(k + 1)(9∆ − 1) without the restriction that k ≥ 3.
1
Tree-partition-width has also been called strong tree-width [4, 13] . 2 A graph is chordal if every induced cycle is a triangle. The tree-width of G can be defined to be the minimum integer k such that G is a subgraph of a chordal graph with no clique on k + 2 vertices. This parameter is particularly important in algorithmic and structural graph theory; see [2, 11] for surveys.
that every graph with tree-width k ≥ 3 and maximum degree ∆ ≥ 1 has treepartition-width at most 24k∆. Using a very similar proof, we make the following improvement to this bound without the restriction that k ≥ 3. Theorem 1. Every graph with tree-width k ≥ 1 and maximum degree ∆ ≥ 1 has tree-partition-width less than 2(k + 1)(9∆ − 1).
The proof of Theorem 1 relies on the the following separator lemma by Robertson and Seymour [12] .
Lemma 1 ([12]
). For every graph G with tree-width at most k, for every set S ⊆ V (G), there are edge-disjoint subgraphs G 1 and
Theorem 1 is a corollary of the following stronger result.
Let G be a graph with tree-width at most k ≥ 1 and maximum degree at most ∆ ≥ 1. Then the tree-partition-width of G is at most
there is a tree-partition of G with width at most (k + 1)(3αβ∆ − γ), such that S is contained in a single bag containing at most α|S| − γ(k + 1) vertices.
Proof. We proceed by induction on |V (G)|.
Case 1. |V (G)| < β(k + 1): Then no set S is specified, and the tree-partition in which all the vertices are in a single bag satisfies the lemma. Now assume that |V (G)| ≥ β(k + 1), and without loss of generality, S is specified.
Case 2. |V (G)\S| < β(k+1): Then the tree-partition in which S is one bag and V (G)\S is another bag satisfies the lemma. Now assume that |V (G)\S| ≥ β(k+1).
Case 3. |S| ≤ 3β(k + 1): Let N be the set of vertices in G that are adjacent to some vertex in S but are not in S.
By induction, there is a tree-partition of G\S with width at most (k+1)(3αβ∆− γ), such that N is contained in a single bag. Create a new bag only containing S. Since all the neighbours of S are in a single bag, we obtain a tree-partition of G. (S corresponds to a leaf in the pattern.) Now |S| ≥ β(k + 1) = γ α−1 (k + 1). Thus |S| ≤ α|S| − γ(k + 1) as desired. Now |S| ≤ 3β(k + 1) < (k + 1)(3αβ∆ − γ). Since the other bags do not change we have the desired tree-partition of G.
Case 4. |S| ≥ 3β(k + 1): By Lemma 1, there are edge-disjoint subgraphs G 1 and Figure 1 . Illustration of Case 4.
Thus we can apply induction to the set S i in the graph G i for each i ∈ {1, 2}. We obtain a tree-partition of G i with width at most (k + 1)(3αβ∆ − γ), such that S i is contained in a single bag T i containing at most α|S i | − γ(k + 1) vertices.
Construct a partition of G by uniting T 1 and T 2 . Each vertex of G is exactly one bag since
Since G 1 and G 2 are edge-disjoint, the pattern of this partition of G is obtained by identifying one vertex of the pattern of the tree-partition of G 1 with one vertex of the pattern of the tree-partition of G 2 . Since the patterns of the tree-partitions of G 1 and G 2 are forests, the pattern of the partition of G is a forest, and we have a tree-partition of G.
Moreover, S is contained in a single bag T 1 ∪ T 2 and Thus |T 1 ∪ T 2 | ≤ α · 3β(k + 1)∆ − γ(k + 1) = (k + 1)(3αβ∆ − γ). Since the other bags do not change we have the desired tree-partition of G.
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